Borel type bounds for the self-avoiding walk 
connective constant 



B. T. Graham 

DMA-Ecole Normale Superieure, 45 rue d'Ulm 
75230 Paris Cedex 5, France 
graham@dma . ens . f r 

November 26, 2009 



Abstract 

Let \x be the self-avoiding walk connective constant on Z d . We show that 
the asymptotic expansion for /3 C = 1/fi in powers of l/(2d) satisfies Borel 
type bounds. This supports the conjecture that the expansion is Borel 
summable. 
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1 Introduction 

Let Z d denote the hypercubic lattice, with nearest neighbour edges. A self- 
avoiding walk of length n is a sequence of points ljq, u>\, . . . , u) n in Z d such that 
\uji — LUi + i\ = 1 and for i =/= j, cj,; ^ ujj. Let c n denote the number of self-avoiding 
walks, up to translation invariance, of length n on Z d . It is well known that 
the limit — lirrin^oo cl/ n exists; the limit is called the connective constant. 
Fisher and Gaunt calculated that [2] 

/i = Id — 1 — l/(2d) - 3/(2d) 2 - 16/(2d) 3 - 102/(2d) 4 

However, it is not clear from their calculation that the expansion can be con- 
tinued to higher orders. Moreover, in low dimensions numerical extrapolation 
techniques are needed to use the expansion to estimate /z. 

The self-avoiding walk is most easily understood in high dimensions. As 
d — > oo, paths with large loops become relatively rare. It is therefore useful 
to consider a walk with only local self-avoidance. Say that ojq, . . . ,ui n is a 
memory-r self-avoiding walk if w(i) uj(j) for < \i — j\ < r. Let denote 
the number of n-step memory-r walks, up to translation invariance, and let 
/i T (d) = lim, woo (cn T ' > ) 1 /™. Using memory-4 self-avoiding walks as a starting 
point (taking into account loops of size 2 and 4) Kesten showed that [7] 

n(d) =2d-l- l/(2d) + 0{l/d 2 ). 

The lace expansion is a powerful technique for exploring the properties of the 
self- avoiding walk in dimensions d > 4; we refer the reader to [5] for a recent 
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introduction. We will look at the quantity (3 C = l/(i(d); (3 C is the radius of 
convergence of the Lace expansion generating function. For convenience, let 
s = l/(2d). A series expansion exists for (3 C in powers of s [B] 



(3 c (s) = ^ a n s n = s + s 2 + 2s 3 + 6s 4 + 27s 5 + 157s 6 + . . . 

n=l 

Expansions in powers of 1/d have been developed for many other models in 
statistical physics, such as the Ising model [2], percolation [3], lattice animals 
and the n- vector model 4 . Finding the coefficients of the expansion is nor- 
mally computationally intensive. It is often even more difficult to determine the 
basic properties of the expansion. What is the radius of convergence? Is it an 
asymptotic expansion? Can the expansion be interpreted as a Borel sum? 

In the case of the self-avoiding walk it is not known, but it is widely be- 
lieved, that the radius of convergence is zero. Using the Lace expansion, it has 
been shown that the series expansion is asymptotic i>]. We will show that the 
partial sums satisfy Borel type bounds. Borel summability raises the prospect 
of calculating f3 c from the series expansion even if the radius of convergence is 
zero. 



Theorem 1.1. There exist a constant C\ such that for all d, 

<Cfs M M\, M = l,2,... (1.2) 



M-l 

&=0) - V a n s r 



n=l 

The motivation for Theorem 11.11 is discussed in Section [2l In Section [3j we 
use the Lace expansion to derive a formula for the a n . This formula is used in 
Section to control the growth of the a n as n — > oo. In Section [5l we consider 
the diagrammatic estimates for the Lace expansion. Finally, in Section we 
prove Theorem ll.il 



2 Borel summability and the spherical model 

In light of Theorem 11.11 it is natural to ask if (3 C can be recovered from the a n 
by means of a Borel sum. Let B denote the Borel transform of the asymptotic 
expansion for /3 C ; B is well defined (see Lemma l4.ip in a neighbourhood of zero 

by 

oo 

B(t) = otnt n /n\ 

71=1 

We conjecture that B can be extended analytically to a neighbourhood of the 
positive real axis, and that (3 c {s) is equal to the Borel sum 

1 f°° 

J2a n s n :=- e- t/s B{t)dt. 

Borel S J° 

There are two reasons for making this conjecture. Firstly, with R > 0, let 
Cr := {z 6 C : Re > R^ 1 } denote the open disc in C with centre R/2 
and diameter R [51 Figure 1]. Suppose that (3 C can be extended to an analytic 
function on Cr such that (|1.2p holds for all s S Cr. Under this assumption, 
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the Borel sum is well defined in Cr and equal to (3 C [S] ■ Unfortunately, it is not 
clear how to extend (3 C to an analytic function on Cr. Interpreting the Borel 
sum remains an open problem. 

Secondly, there is the case of the spherical model [3]. Physicists consider 
both the self-avoiding walk and the spherical model to be special cases of the 
n-vector model. The spherical model is an exactly solvable spin system with 
dependence between the spins. Let Iq denote the Oth-order modified Bessel 
function of the first kind. The critical point is 

1 f°° 

K c (d) = -J e-^ d dx, g{x) =x- \ogl (x). 

Function g is monotonic, g(0) = and g{x) — > oo as x — > oo. Let (a„) denote 
the sequence with generating function ^-inverse, 

oo 

g-\t) = Y^a n t n . 
n=l 

Integration by parts yields an asymptotic expansion for K c {d) in powers of l/<i, 

w 2 ^ d n 

n=l 

We have said that very little is known rigorously about 1/d expansions. This is 
the exception that proves the rule. The radius of convergence is zero, but the 
expansion can be interpreted as a Borel sum with Borel transform g /2. 

Note that the (a n ) oscillate. The first 12 coefficients are positive, the next 
8 are negative; the pattern of signs goes 

1 — - 8^ 9} 9} 9} 9^ 9j 9} 9^ 1 ^, 9^ 9^ 9^ 9^ 9^ 9^ 9^ 9^ 9; 9^ 9^ 9^ 1 ^ 9^ 9^ 9^ 9^ 9^ . . 

This oscillation is related to the fact that g _1 has no poles on the positive real 
axis. The coefficients a n for the self-avoiding walk also show a change of sign. 
For i — 1,2,..., 11, ai is positive; the remaining coefficients that are known, 
«i2 and «i3, are negative pQ. 



3 The expansions (3 T = Y^n=i a nS n 

The starting point in our analysis will be [51 (2.2)]. Let f3 T = l//i r , and take 
Poo = Pc- When d is sufficiently large, for r finite and infinite, 

/a r = «(l-n /3r (0;r)). (3.1) 

The quantity Tip T (0; r) is the Fourier transform of the memory-r Lace expansion 
at k = (0, . . . , 0) and (3 — (3 T ; essentially, it describes the difference between the 
generating functions of simple random walk and self-avoiding walk. The Lace 
expansion can be thought of as a series of inclusion/exclusion terms. A type- 
N lace graph is a simple walk with at least N points of self-intersection, and 
certain additional constraints. Let 7ri (x; t) count the number of memory-r 
lace graphs from to £ of type N and length a. Then 

oo 

7rW(fc;r)=^ 7 rW(^;r) e -^ 1 f(^)= £ *W(*;r)/r, 

ieZ J a=N+l 
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and finally fLpfcr) = ^ (-l^IL^ (k; r). 

N=l 

The definition of a lace graph respects the symmetries of the underlying lattice. 
There are 2 d dl ways of choosing an ordered orthonormal basis for M. d from the 
set T, d . Each lace graph in Z d with dimensionality D is equivalent to 2d(2d — 
2) . . . (2d— 2D+2) other lace graphs under the action of this group of symmetries. 

Let / T (a, N, D) count the number of equivalence classes of memory-r lace 
graphs in TlP with length a, type N and dimensionality D. Lace graphs with 
dimensionality D have length at least 2D. Therefore, we can write the number 
of memory-r lace graphs of length a and type N in X d as a polynomial in powers 
of s- 1 = 2d, 

|a/2j a-1 

fr(a, N, D) 2d(2d - 2) . . . (2d - 2D + 2) = ^ c a,b,Ns b ~ a - 

D = l b=\a/2\ 

Let / = {(a, b) : b = 1, 2, . . . ; a = b + 1, . . . , 2b} and set 

OO 

N=l 

The c Qj h depend implicitly on r, but c a ,b is fixed once t > a. Using this notation 
to rewrite (|3.1[) yields a formal power series, 



+ Pr^bS b - a ] (3.2) 

(a,b)el 

S[l + 0102,1s- 1 + Plc^S- 1 + ^(C4, 3 .^ 1 + C^ 2 ) + . . . ] 



Plugging "/3 T = 0" into the right hand side gives "/3 T = s". Taking "/3 T = s" 
and plugging it back into the right hand side then gives "/3 T = S + C2.1S 2 + (03,2 + 
C4,2)s 3 + ..."; iterating in this way yields a series expansion for (3 T : 

/3 T = S + C 2 ,lS 2 + (2c 2 ,! + C 3 . 2 + C 4 , 2 )s 3 + • • • 

The coefficient a n of s" in /3 r is thus a multinomial function of the c a ,b- 
Lemma 3.3. With S n := {{n a . b ) eN'in^H^ bn a . b }, 
„ = V [£jarc a , 6 ]! TT 

It is a corollary of Lemma 13.31 that a„ only depends on r if r < 2rt — 2. 

Proof o/ Lemma\£M Let = 1 + £j c Qj6 /3 a s f, - a . Setting /? = ~£n=i a « s "> 
(|3.2[) becomes 

g 

We will use the notation [f3 n ](f>((3) to denote the coefficient of (3 n from generating 
function <p(f3). The Lagrange-Biirmann series reversion formula states that, 



k 



fc=i 
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Applying the formula yields, 

OG 

E»« s " = Ei^ 1 ]( 1+ E^" s 



oo u 



k 

k=l I 



and so with T k := {(n a ,b) e N 7 : fc - 1 = J2i an Qjb }, 
— - fc — fc! 



00 s fc fc! r 

?n] S T JL (*-£/^n>a,*!] n 



Extracting the coefHcient of s" leaves only the terms with n = k + ^2j(b — a)n a ,b- 
By the definition of Tfc, these are the terms with (n a ,&) & S n . □ 

4 Factorial bounds on (a n ) 

We can use Lemma 13731 to bound the coefficients (a n ) of the asymptotic expan- 
sion. 

Lemma 4.1. There is a constant C'2 such that for all n, \a n \ < C%n\ 
This is achieved by bounding \c a ,b\ m terms of b. 

Lemma 4.2. Let c& = X)a=b+i I Ca,b | • There is a constant C3 swc/i that Cb < C|6! 
Proof. The numbers (c Q ,{,) are defined in terms of lace graphs with length a, 

La/2J 00 

|c„, b |< ]T Y,Ma,N,D) x |[ s "- a ] s - 1 ( s - 1 -2)...( s - 1 -2^ + 2; 

_D=a-6Af=l 

The number of lace graphs of length a in Z 15 is at most (2D) a , so 

{2D) a 



]T f T (a,N,D) < 



2 D Dl 



N=l 

The absolute value of [s b ' a ]s' 1 {s' 1 - 2) . . . (s^ 1 - 2D + 2) is at most 

[s b - a ] (s- 1 + 2D) D = (2D) D+b - a ( ° X D = a-b,..., [a/2\ . 



The result follow by Stirling's formula: for some constant C3 

2b 2b 2& K2J ^£,+6 



E k»i * E E 



M 

a=6+l 



^ (a -6)! ^ (D + 6-0)! 

a=b+l v ; D=a-b v ' 



t 06 !,2h 

* E (^T( 1 +La/2j-(a-6)) I ^ y <^! □ 

Before we can prove Lemma 14.11 we need a bound on how a power series with 
factorial coefficients behaves under exponentiation. 



Lemma 4.3. Let (f>(/3) = Eftlo^/ 3 *- Then 

k 

[P k W) n < k\ + (« - 1)/J 2 ) < 6"^! 

3=1 

Corollary 4.4. Let ip(f3) = YlkLi k\(3 k . Comparing ip((3) with f3<j>(2(3) gives 

Proof of Lemma \4-.3\ Let l\, . . . , l n denote non-negative integers. The first in- 
equality is equivalent to, 



E II k!<k!]l(l + (n-l)/f). 

(lH H n =k i=l j=l 



(4.5) 



We will show this by induction in k. The second inequality is a simple conse- 
quence of the fact that J2jLi 1/j 2 = tt 2 /6 < log 6. 

For convenience, (|4.5p can be written in terms of a multinomial random 
variable X k = (X£, . . . , X*) ~ Multinomial(fc; 1/n, . . . , 1/n): 



n*E 



<n(i+(^-i)/j 2 ): 

3=1 



IV X k \...X k \' 



For the inductive step, we construct X k+1 from X fe by adding 1 to one of 
X k , . . . , X k uniformly at random. Let ei = (1, 0, 0, ... ), e2 = (0, 1,0,...), and 
so on. The inductive step is then, 



iE 



k + 1 

X k+i 



- E E 

z=l 
n 

= E E 



k + 1 
X k + e, 

k + 1 



I— 1 V * 



(fc + l) 2 + (n-l) 
(fc + 1) 2 



fc 

Y* 



□ 



The inequality in the last step is the result of replacing ( x t+i ) 2 w ^ n 

its supremum over the range of X k . 

Proof of Lemma \47l\ For (a, b) £ I, a < 2b. By Lemma \'3. 31 

(X! a^a.fc)! 



< 



E 
E 



nvi(i+E(a-iw 

(2n-2)! 

n"-a,b!( 2 "- - 1 - S n a,h) 



n 



Ca,b 



|"a,6 



n 



Ca,b 



< 



2?; 



^r- 1 ] (i + E c ^ b ) 



2n-l 



By Lemma IO and Lemma Ol \a n \ < 6 2n C£n\ 



□ 
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5 Diagrammatic estimates 

There is a number Chs [9 such that for d sufficiently large, for all r, 

n ( £ ) (0',T)<(sC BS ) N . (5.i) 

This is a consequence of the diagrammatic estimates [5J Theorem 4.1] for the 
number of type- TV lace graphs. The estimates can also be used to bound above 
the number of lace graphs according to length. 

Lemma 5.2. There is a constant C4 such that, 

r/2 N 

J2C2s- n n\(3 2n (l + s/f3) 

n=l , 

Proof. The loops of a memory- t lace graphs have length at most r. Define a 
generating function by 



F$ = ^20 k sup kc^(x), 



k=l 



where c^\x) denotes the number of self-avoiding walks from to a; of length k. 
The diagrammatic estimates, see for example Theorem 4.1], imply that 

frW(0;r)<r] (F£) N . 

Let C4 = 20. The result follows when we show that for k = 1 



1 • • • 3 ' ) 



r/2 

sup kcf{x) < [P k ] V q>~"n!/3 2 "(l + s/j3). 

When fc is even, cP'{x) is maximized by x — 0. First suppose k — 2m < 2d. 
The number of simple walks from to in Z d of length 2m is less than the 
number of 2m step walks that are restricted to an m dimensional subspace [5] : 

4°i(0)<H(2m) 2 ™<^(2m) 2 ™ 
\m J m\ 

If k = 2m > 2d, c£l(x) < (2d) 2m . By Stirling's formula, 

Vm, (2m)4m(0) < Cf s~ m m! 

When A; is odd, c£ (x) is maximized by x = e\ = (1, 0, . . . , 0) and 

4°2-i(ei)=4°i(0)/(2d). □ 
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6 Proof of Theorem 11.11 

It is well known that d < fx < 2d, and hence that s < f3 c < 2s. Let C5 £ [0, C^ 1 ] 
and suppose that C\ > IOC2/C5. Then for s > C5/M, inequality (|1.2[) holds 
simply by Lemma 14.11 We will show by induction that for some constants C5 
and C§, for k = 1, 2, . . . and s < C^/k, 

k-i 

f3 c = J2 "« s " + E kS k with \E k \ < C^kl (6.1) 

n=l 

Theorem O follows from (HE]) by taking d = max{C 6 , 10C 2 /C 5 }. 

To begin the induction process, notice that E\ = f3 c / s G [0, 2], so (|6.ip holds 
for fc = 1 if C*6 > 2. To keep the remainder of the proof simple, we will now 
assume that Cq 1, so we can take it for granted that Cq > 2. We will also 
assume that C5 <C Cg 3 <C 1. 

Assume inductively that ffBTT|i holds for k = 1, . . . , M. Let s < C 5 /(M + 1). 
We need to show that 

\E M+ i\ <C 6 M+1 (M + 1)! 
We will define (A^)^ =1 such that 

E M+1 s M = Y^A u \AA<\a M C^+\M + l)\ 

i=l 

We will use the Lace expansion. A type-iV memory- t lace graph has length at 
most Nt, so it is easier to use the finite memory version of the Lace expansion. 
If the memory r is high enough, we can use (a n )*Li to refer to the first M 
coefficients of the series expansions for both /3 C and (3 T . Let r = 2M . By [7, 
Theorem 1], there is a constant Ck such that 

Vs < 1/(52M), < (3 C - p r < s M+2 C^M\ 

Let Ai = (3 C — f3 T , and let E r M = Em — A\ so 

M-l 

pr=J2 anS " + e m sM - ( 6 - 2 ) 

n=l 

By (|3.ip . we must now choose ^2,^3, A4 such that 

M 

A 2 +A 3 +A 4 + J2 ^ n s n - 1 = 1 - ft/3 T (0; r). (6.3) 

n=l 

With reference to the bound (|5.ip . let 

00 

A * = - E (-1)^(0^). 

AT=A/+1 

Let A3 match the terms generated on the right hand side of (|6.3p by lace graphs 
of length a>2M and type N < M, 

M 2MN 
a=2M 
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N 



By Lemma T5. 21 

M 2MN / M \ N 

\M < E E KIP"! E C2s- n n\f3 2n (l + a/13) 

N=l a=2M \n=l ) 

M 2MN I M \ 

< E( 1 + E ^\ E Cl l s- n n\(3 2n 

N=l a=2M \n=l / 

Setting x = P 2 , the right hand side above is equal to 

M MN I M \ N 

JV=1 a=M \n=l / 

We can assume that (1 + s I fi r )C±Mfi 2 s~ 1 < C 6 e' 1 Ms < 1. The above is less 
than 

m mn / m \ N 

E E (Cee-'Msr^} E 

N=l a=M \n=l ) 

M / M \ N 

< (Cee^Ms)" 1 E E ™ ! / M " ^ \s M C™ +l {M + 1)! 
JV=1 \n=l / 

By the process of elimination, is now defined by 

M M 2M-1 

A 4 + E«n^ 1 = l-E(- 1 ) Ar E ^(0;r)^. (6.4) 

n=l N=l 0=2 

Substitute (|6.2p into the right hand side of (|6.4[k by Lemma [531 we can cancel 
the powers of s below s M : 



oo M 2M-1 /M-l 

M 

l , M t 

n=M N=l ' 



^ = (-1)* E ^(Ojr)) E«« sn + ^i 

Recall that c b := Y%=b+i I c a,& I - As a i = ^ 

oo 2M— 1 o—l /M-l ^ 

mui < E s "[ s "] E E i c ^i s "" a E i^i^ + i^i^ 

n=M a=2 6=[a/2] V fc=l / 

oo 2M-2 /M-l \ 26 

< e s > n ] E c ^ b E i^i sfe + \ e m\ sM ■ 

n=M 6=1 \ fe=l / 

The a„ are controlled by Lemma |4. 11 and the c\, are controlled by Lemma [ 
By the inductive assumption and the bound on \A\\, we have \E T M \ < 2Cg All 
Expand the ( • ) 2b terms above: we will split the resulting terms into three 
groups. 

(i) The terms s n c b \a il \ \a l2 1 ■ • ■ \a l2b | with M < n < 2M - 2. 
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(ii) The terms s"q, . . . with M < n < 2M—2 that are not in group (i) because 
they contain an \EJ^\ term. 

(iii) The terms s n c& . . . with n > 2M — 1. 

By Lemma |4.1[ the contribution from the first group is less than 

2M-2 

s n CZ +1 (n+iy. (6.5) 

n=M 

The contribution of the second group is at most 

M-2 ri+1 /M-l \ 26-1 

2CfM\s M s n [s n ] Clb\s- b x (26) ^ C%k\s k . (6.6) 

n=0 6=1 \ fc=l / 

For k = 1, . . . , M, define &k by 

a k s k = \a k \s k + ■■■ + \a M -i\s M - 1 + \E T M \s M . 
The contribution of the third group is at most 

2M-2 / M \ 2b 

^M-i^M-ij C b 3 b\x- b (J2&kx k ) ■ (6.7) 

6=1 \fe=l / 

By having the a.kX k in the ( • ) 2b term, we catch all the terms in the third group 
while extracting only the coefficient of x 2M_1 . [For example if M — 10, the 
term s 2S C2aea7asag is accounted for by the term s w C2CtQ6fja-jai — 

s 19 c 2 (KI + ... )(|a 7 | + ...)(••• + |a 8 |s + ...)(••• + |a 9 |s 8 + ... ) 

generated by (|6.7p .] We can assume that at < (2Ce) k k\ 

The absolute value of A4 is now bounded by the sum of three intimidating 
expressions, (|6.5p - (|6.7p . However, under suitable conditions on C5 and Cq, they 
are quite easily seen to be small when compared to \s M C§ I+l (M + 1)! In the 
case of (I6.5[) . C§ ^> C2 and C2C5 1 is sufficient. Corollary 14.41 allows us 
to control j6U) and If Cf C 3 C 5 < 1 and C 6 > C 2 C 3 , (EU) is small. If 

C 2 C 5 Cq <C 1, (pT7)) is small. This completes the proof of Theorem [TTI 
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